We consider the question of existence of nontrivial periodic solutions (called also sometimes, as breather solutions or discrete solitons) for the Discrete Nonlinear Schrödinger Equation with saturable and power nonlinearity. Theoretical and numerical results are presented, concerning the existence and nonexistence of periodic solutions. The existence results obtained via constrained minimization problems or by a fixed point argument, refer to the DNLS equation, in multidimensional lattices, supplemented with Dirichlet boundary conditions, and sometimes also in infinite lattices. Explicit upper and lower bounds on the total power of the periodic solutions are derived, and numerical studies are performed which test their efficiency. The bounds and thresholds derived for the DNLS equation with saturable and power nonlinearity, are also discussed in comparison with the existing results on the existence of excitation thresholds for periodic solutions, and their dependence on the dimension of the lattice.
Introduction
This work concerns the Discrete Nonlinear Schrödinger Equation (DNLS) iψ n + ǫ(∆ d ψ) n − βF (|ψ n | 2 )ψ n = 0, β ∈ R, (1.1) on a finite lattice supplemented with Dirichlet boundary conditions, and on infinite lattices ((n = (n 1 , n 2 , . . . , n N ) ∈ Z N ). We concentrate on two examples of nonlinearities, F (|z| 2 ) = 1 1 + |z| 2 and F (|z| 2 ) = |z| 2σ , (
the saturable and power nonlinearity respectively. We present some theoretical and numerical results related to the existence of time periodic solutions, having the form ψ n (t) = e −iΩt φ n , Ω ∈ R.
(1.3)
Substitution of the expression (1.3) into (1.1) with the nonlinearities (1.2), shows that φ = {φ n } n∈Z N , satisfies the system of algebraic equations Ωφ n = −ǫ(∆ d φ) n + βF (|φ n | 2 )φ n , β ∈ R.
(1.4)
The expression (1.3) covers in some cases standing wave solutions or the time periodic and spatially localized solutions known as discrete solitons or breathers. 1 The problem of existence and properties of nonlinear localized modes in DNLS lattices, has attracted considerable research interest [8, 11] . For recent studies on the saturable DNLS or its cubic-quintic approximation, we refer to [2, 3, 4, 5, 6, 14, 17] . In these references, as well as in [7, 15] for the continuum models, remarkable properties and differences between models with power nonlinearities are reported. Although the case of the fundamental localized solutions assumes that φ n is real [17] , the results that we present here consider the existence and nonexistence of nontrivial breather solutions where φ n is in general complex. The existence of nontrivial breather solutions for DNLS (1.1) will be established by variational methods. More precisely, we apply direct variational methods [1] to appropriate constrained minimization problems. This approach has been used to the focusing N -dimensional DNLS equation with a power nonlinearity iψ n + ǫ(∆ d ψ) n + |ψ n | 2σ ψ n = 0, (1.5) in infinite lattices [18] . The results of [18] not only establish the existence of nontrivial breather solutions, but also the existence of a lower bound -an excitation threshold -on one of the fundamental conserved energy quantities, the power (or norm) if the nonlinearity exponent is greater than or equal to a certain critical value, depending on the lattice dimension. More precisely, it is proved in [18, Theorem 3.1, pg. 678], that if 0 < σ < 2 N , spatially localized solutions (1.3) with Ω < 0 of arbitrary small power exist, while if σ ≥ 2 N , there exists a ground state excitation threshold P thresh . The result of [18] , resolved the conjecture for ground state breathers of [9] . The second conserved energy quantity associated with (1.5), is the Hamiltonian
A ground state is a minimizer of the variational problem
where (·, ·) 2 stands for the ℓ 2 -scalar product. After the preliminary results of Section 2, in Section 3 we consider the DNLS equation with saturable nonlinearity. Following the results mentioned above, for the DNLS equation with power nonlinearity (1.5) , by the application of the variational approach to the saturable DNLS, we derive both the existence of nontrivial breather solutions, as well some bounds on the power of the minimizers. The variational study considers the saturable DNLS, supplemented with Dirichlet boundary conditions. Although this is a simpler case in comparison with the infinite lattice (where one has to deal with the lack of compactness [18] ), this case is of importance especially for numerical simulations: since the infinite lattice cannot be modelled numerically, numerical investigations should consider finite lattices with Dirichlet or periodic boundary conditions. We note that the choice of boundary conditions only matters, if the pulse is moving and collides with the boundary .
In our study, we distinguish between defocusing (β < 0) and focusing (β > 0) nonlinearity. For the defocusing case (Section 3.1), we consider two variants of minimization problems: seeking for nontrivial breather solutions φ n (t) = e iωt φ n , of prescribed frequency ω > 0, in the first variant we consider a minimization problem for the energy functional This proves the existence of a nontrivial minimizerφ of E ω and the existence of β < 0 as a Lagrange multiplier, satisfying −β > ω > 0 such that ψ n (t) = e iωtφ n is a solution of the saturable DNLS (1.1) with this β as a nonlinearity parameter. We note that, in contrast to the DNLS with power nonlinearity (1.5), the frequency of the breather is limited by the condition Λ := −β > ω, due to the resonance with linear modes. This is the first result verifying the existence of a nontrivial breather solution of the saturable (1.1) in the defocusing case. The second variant for the defocusing case considers, for given β = −Λ < 0, the constrained minimization problem for the Hamiltonian inf
that is, we study the existence of the nontrivial breather solution as a ground state. This approach proves the existence of a nontrivial minimizer φ * , at least in the parameter regime Λ > 2ǫN , and the existence of a Lagrange multiplier ω > 0, satisfying Λ > ω, such that ψ n (t) = e iωt φ * n is a standing wave solution. Moreover, it is proved in this parameter regime that there exist frequencies, such that the corresponding nontrivial breather solution satisfy an upper bound for the total power, depending on the parameters Λ, ǫ, N . The first numerical study performed on this parameter regime, for the behaviour of the power, justifies the existence of a range of frequencies, for which the upper bound of the power of the corresponding breather solution is satisfied. Moreover the numerical study in 2D-lattices, shows that the breather solution of the defocusing saturable DNLS demonstrates a similar behaviour to that of the focusing DNLS with power nonlinearity, with respect to the existence of excitation thresholds: power decreases as the frequency increases until it reaches a minimum value at a certain frequency -an excitation threshold -beyond which we should not expect existence of breather solutions. As frequency increases further, power increases, reaching a "threshold" value. This behaviour should occur in higher dimensional lattices, and is observed in [17] . In this case, the upper bound could be even more useful, as an estimate from above, of the "threshold" value reached after the minimum. Section 3.2, is devoted to the focusing saturable nonlinearity β > 0. For this case, the existence of a nontrivial breather solution ψ n (t) = e −iΩtφ n , is proved similarly to Section 3.1, by considering the constrained minimization problem for the Hamiltonian (a ground state). Through the application of the variational method, a simple relation involving the frequency Ω, β and the power P[φ] = R 2 is derived, which in terms of P, provides a lower bound on the power of the minimizer. The numerical study verifies that this lower bound is actually a threshold on the power beyond which we should not expect the existence of a nontrivial breather solution. In this case also, the numerical studies verify that this relation predicts the trend of the behaviour of the numerically computed power.
In Section 4, we apply an alternative method to derive a threshold on the power of the breather solution of the saturable DNLS in the focusing case β > 0. We use a fixed point argument which was also used in [13] . This approach is for the saturable DNLS, considered in infinite lattices (although similar estimates can be obtained in the case of Dirichlet boundary conditions). Replacing the saturable nonlinearity in the equation by its exact Taylor expansion, it is possible to derive the threshold for the power for both the DNLS with the saturable nonlinearity (when the remainder term is taken into account), and the cubic-quintic approximation. The lower bound appears to be the positive root of a polynomial equation. In the case of the 1D-lattice, the numerical study verifies first that the power decreases as frequency increases, as it was predicted by the lower bound derived by the variational method of Section 3. Also, the numerical power approaches the predicted threshold derived by the fixed point argument as the frequency increases up to the limit β. In comparison with the bound derived by the variational method, the latter also reaches the one derived by the fixed point argument, as the frequency increases. Especially for large values of the parameter β and increasing frequency, it seems that the theoretical estimates are proved to be quite sharp. For 2D-lattices we also observe the appearance of the excitation threshold. However in the focusing case, it seems that an increase of the dimension as well as the nonlinearity parameter is required for this phenomenon to appear.
Section 5 is devoted to some theoretical and numerical results, related to the DNLS equation with power nonlinearity. We consider first the case of the focusing (β > 0) DNLS, seeking for breather solutions ψ n (t) = e −iΩt , Ω > 0. By applying the same variational approach as for the saturable DNLS, we derive lower bounds on the power of the minimizers, depending on the dimension of the lattice. The numerical study, except for the justification of the theoretical result stating that there exist nontrivial minimizers satisfying the theoretical lower bounds, demonstrates that in most of the cases, these lower bounds serve as thresholds for the existence of breather solutions. Concerning the lower bound derived by the minimization of the Hamiltonian, the numerical study shows that there must be a relation connecting the behaviour of this upper bound with the critical exponent σ = 2 N : we note first, that the numerical study shows the existence of an excitation threshold for σ ≥ 2 N [18] . Furthermore, in the case σ < 2 N , the numerical study verifies the existence of frequencies for which the breather solution satisfy the theoretical lower bound (and in this case this lower bound can serve as an estimate of the "arbitrary small power"). In the case σ ≥ 2 N , the lower bound is proved to be a very accurate estimate of the numerical power of the breather solution as frequency increases. On the other hand, the numerical study shows that the lower bound derived by the alternative variational approach of minimizing the energy functional
gives a threshold of the existence of nontrivial breather solution, for all values of the nonlinearity exponent.
We conclude with a numerical study, to test the threshold of the existence of nontrivial breather solutions derived by a fixed point argument in [13] , for the defocusing case β < 0. Although the threshold for nonexistence in the defocusing case derived by the fixed point argument is independent of the dimension, it seems interesting to compare this with the result of [18] : the numerical studies for the range σ < 2 N -the case of existence of breather solutions of arbitrary small power -show that this "arbitrary" small power is always higher than the threshold presented here. Power increases as the frequency increases, but for small values of frequency, the numerical power is very close to the value of the threshold. Its quantitative predictions are even more satisfactory for smaller values of the nonlinearity exponent σ. The numerical study for the case σ ≥ 2 N -the case of the excitation threshold -reveals that the fixed point threshold serves as a satisfactory estimate from below, of the excitation threshold, especially for larger values of the nonlinearity exponent σ.
Preliminaries
For the convenience of the reader, we recall some basic results on sequence spaces and their finite dimensional subspaces as well on discrete operators, that will be used in the sequel (see also [13, 18] ).
For some positive integer N , we consider the complex sequence spaces
The following elementary embedding relation [16] holds between ℓ p spaces
in contrast with the L p (Ω)-spaces, if Ω ⊂ R N has finite measure. For p = 2, we get the usual Hilbert space of square-summable sequences, which becomes a real Hilbert space if endowed with the real scalar product
Note that any φ n ∈ ℓ p , 1 ≤ p < ∞ satisfies lim |n|→∞ φ n = 0, as assumed for spatially localized solutions (i.e. discrete solitons or breathers). The discrete Laplacian is defined as
Now we consider the discrete operator
and 13) we observe that the operator −∆ d satisfies the relations
14)
From (2.14), it is clear that −∆ d : ℓ 2 → ℓ 2 defines a self adjoint operator on ℓ 2 , and −∆ d ≥ 0. To formulate the DNLS equation, subject to Dirichlet boundary conditions, we consider the finite dimensional subspaces of ℓ p for a positive integer K, defined by
N endowed with the norms (2.7)-finite sums. In this case, for any 1 ≤ p ≤ q ≤ ∞, there exist constants C 1 , C 2 depending on K, such that
In the finite dimensional setting, the operator −∆ d satisfies relations (2.14)-(2.15), and its principal eigenvalue λ 1 > 0 can be characterized as
Hence (2.18) and (2.10)-(2.11) imply the inequality
Then it follows from (2.19) that
For example, in the case of an 1D lattice n = 1, . . . , K, the eigenvalues of the discrete Dirichlet problem −∆ d φ = λφ with φ-real, are given by
, n = 1, . . . , K.
For a N-dimensional problem, the eigenvalues are:
,
In consequence, the principal eigenvalue of the discrete Dirichlet problem −∆ d φ = λφ with φ-real, is given by
.
3 The saturable nonlinearity: Constrained minimization problemsDirichlet boundary conditions 3.1 A. Defocusing case β < 0: Periodic solutions ψ n (t) = e iωt φ n , ω > 0
In this section we consider the existence of breather solutions of the saturable DNLS equation, for the case β < 0. For convenience we set
Thus, we seek breather solutions for the DNLS equation
of the form
In this case, the system (1.4) is rewritten as
We note that in the case of the anticontinuum limit ǫ = 0, it follows that the frequency of a non-trivial breather solution should satisfy
The Hamiltonian H and the power P, given by
are quantities which are independent of time. We shall prove the existence of nontrivial breather solutions (3.22), by considering a constrained minimization problem. The system (3.23) will be considered as the Euler-Lagrange equation of the functional
involving H and P. To produce the Euler-Lagrange equation (3.23) from the functionals H and P, we shall use the following
From the inequality
we may let s → 0, to get the existence of the Gateaux derivative (3.28) (discrete dominated convergence).
To check that the functional
Then, by using an inequality very similar to (4.18) (see Section 4), we may show that
The result is also valid in the case of an infinite lattice (n ∈ Z N ). ⋄
The constrained minimization problem A.I The first variational problem we shall discuss is a constrained minimization problem for the energy quantity
for given ω > 0. We have the following
the variational problem (3.32) and a Λ(R) > 0 such that Λ(R) > ω, both satisfying the Euler-Lagrange equation
Moreover, it holds that |n|≤K log(1 + |φ n | 2 ) = R.
The minimization problem we intend to solve is for the functional E ω , restricted to the set
It is not hard to check that the sequence {φ m } m∈N ∈ B 1 is bounded. Next, we consider a sequence {φ m } m∈N ∈ B 1 , such that φ m → φ as m → ∞. We denote the nth coordinate of this sequence by (φ m ) n . Using (2.17), we observe that
Moreover, since φ m ∈ B 1 , we get from (3.34) that
Hence φ ∈ B 1 , which implies that B 1 is closed. The functional E ω is bounded from below on B 1 , since
Since we are restricted to the finite dimensional space ℓ 2 (Z N K ), it follows that any minimizing sequence associated with the variational problem (3.32) is precompact: any minimizing sequence has a subsequence, converging to a minimizer. Thus E ω attains its infimum at a pointφ in B 1 . We proceed in order to derive the variational equation for E ω . Note that
By considering the
we observe that for any φ ∈ B 1
The Regular Value Theorem ([1, Section 2.9], [12, Appendix A,pg. 556 ]) implies that the set
. By applying the Lagrange multiplier rule, we obtain the existence of a parameter Λ = Λ(R) ∈ R, such that
Setting ψ =φ in (3.39), we find that
Sinceφ ∈ B 1 cannot be identically zero and
we find that
The lhs of (3.42) is positive, and we obtain that
Therefore condition (3.24) is justified. We get from (3.39) that there exists Λ > 0, such that the minimizer φ ∈ B 1 solves the equation
The above formula, is clearly equivalent to the Euler-Lagrange equation (3.23), that is, any solution of (3.23) is a solution of (3.44), and vice versa. ⋄
The constrained minimization problem A.II In the first minimization problem, we derived, under sufficient conditions for given ω > 0, both the existence of β = −Λ < 0 as a Lagrange multiplier, and the existence of a nontrivialφ ∈ ℓ 2 (Z N K ), such that (3.22) is a breather solution of (3.21). Here, by studying a different minimization problem, we shall derive some sufficient conditions depending on the given β = −Λ < 0, the lattice spacing ǫ and the dimension of the lattice N . These provide both the existence of a parameter ω > 0 and a nontrivial φ * , such that (3.61) is a solution of (1.1) involving this ω as the frequency of the breather solution. This alternative variational approach for the existence of breather solutions (3.22) for the DNLS equation (3.21) , is to minimize the Hamiltonian H, constrained to the set
Consider the variational problem on
Assuming that
there exists a minimizer φ * ∈ ℓ 2 (Z N K ) for the variational problem (3.47) and ω = ω(R) > 0 such that Λ > ω(R), both satisfying the Euler-Lagrange equation
Proof: We note first that H :
Again, the finite dimensionality of the problem implies that any minimizing sequence associated with the variational problem (3.45) is precompact, and that any minimizing sequence has a subsequence, which converges to a minimizer. Therefore, we conclude that H : B → R attains its infimum at a point φ * ∈ B. The next step is to derive the variational equation (1.4) . To this end, by using Lemma 3.1, we observe that
We consider next the functional N R :
Moreover, for any φ ∈ B, we have
Therefore, we may apply the Regular Value Theorem, to show that the set B = N −1
It follows from (3.50), (3.52) and the rule of Lagrange multipliers, that there exists a Lagrange multiplier Ω = Ω(R) ∈ R, such that
Thus, for ψ = φ * , we find that
where the functional U :
For an appropriate choice of R, ǫ, Λ, we can show that U[φ * ] < 0: From (2.19), we have
Then, noting that |φ * n | 2 ≤ |n|≤K |φ * n | 2 , and using (3.56), we observe that
which in terms of R, gives (3.48). We shall consider equation (3.55), for the choice of parameters (3.58): since φ * ∈ B cannot be identically zero and U[φ * ] < 0, it follows that Ω(R) < 0. Thus, we may set
The inequality (3.42) is still applicable to verify that ω(R), satisfies condition (3.24). We get from (3.54) and (3.59), that there exists ω(R) > 0, such that the minimizer φ * ∈ B solves the equation (3.44). ⋄ Numerical Study. The result of Theorem 3.2, establishes for a given ω > 0, the existence of a nontrivialφ, and the existence of Λ > 0, satisfying Λ > ω such that ψ n (t) = e A numerical study has been performed to study the behaviour of the power of the breather solution in the parameter regime (3.46), to test the result of Theorem 3.3 and the upper bound (3.48). There is an extra condition for the existence of breathers arising from the condition of non-resonance with linear modes, which is that
Clearly, (3.60) is satisfied when (3.46) is assumed. The numerical power verifies that there exists a range of frequencies such that the corresponding breather solutions have power satisfying the upper bound (3.48): first we have depicted the power versus the frequency for breathers with Λ = 2 and ǫ = 0.2 in a 1-dimensional lattice (see Fig. 1 ). From the theoretical prediction, an ω > 0 should exist satisfying Λ > ω, with a power which should be always smaller than 1.5. From the figure, it can be deduced that the prediction is satisfied for all ω > 0.353. We have also considered the case Λ = 2, ǫ = 0.1 for N = 2. Similarly, for the 2D-lattice, the breathers solution of frequency ω > 0.830, satisfy the theoretical upper bound P = 1.5. The numerical study in the 2D-case reveals the existence of an excitation threshold for the defocusing saturable DNLS as in the case of the power nonlinearity [18] : power decreases as frequency increases, attaining a minimum value for a certain value of frequency, as shown in the onset of Figure 1 (b) . As the power increases further, it seems that the power reaches a "threshold value". In the case of higher dimensional lattices, the upper bound (3.48), could be even more useful, as an estimate from above of the excitation threshold as well as of the "threshold" value of the increased power reached, as the frequency increases further up to the resonant limit.
3.2 B. Focusing case β > 0: Periodic solutions ψ n (t) = e −iΩt φ n , Ω > 0
This section considers the existence of breather solutions of the saturable DNLS equation in the focusing case β > 0. We look for breather solutions of the form
By considering again the case of the anticontinuum limit ǫ = 0, it follows that the frequency of a nontrivial breather solution (3.61) satisfies
We choose to consider the minimization problem for the Hamiltonian
constrained on the set B given by (3.45), since the approach of the variational problem A.I, does not seem to be applicable in this case.
Theorem 3.5 Let β > 0 be given, and consider the following variational problem on
There exists a minimizerφ ∈ ℓ 2 (Z N K ) for the variational problem (3.47) and Ω = ω(R) > 0 such that β > Ω(R), both satisfying the Euler-Lagrange equation
Moreover, it holds that P[φ] = R 2 and
(3.65) Proof: To see that H, is bounded from below, this time we use the inequality (2.18): we have
The existence of the minimizerφ ∈ ℓ 2 (Z N K ), and of the Lagrange multiplier Ω ∈ R, can be derived by using the same variational arguments as in case A: since
Setting ψ =φ, we get the equation
and sinceφ does not vanishes identically and U[φ] > 0, we find that Ω(R) > 0. To justify condition (3.62), we note by using (3.56) and (3.68), that for arbitrary ǫ > 0
implying that
(3.70)
We observe that if Ω = β 1+R 2 , then we find that R 2 = 0 if β = Ω and moreover, (3.70) implies thatφ ≡ 0. Then combining with (3.69), we get (3.62) and the relation (3.65) between the frequency Ω of the breather solution (3.61), the power P[ψ] = R 2 , and the parameter β. ⋄
On the other hand, the inequality (3.65), in terms of the power, it can be rewritten
Thus the result of Theorem 3.5 shows that, for given β > 0, there exists some Ω > 0, satisfying β > Ω, and a nontrivialφ ∈ ℓ
n , is a breather solution of (1.1), with power satisfying the lower bound (3.71). Let us observe that the rhs of (3.71) predicts that the power should be a decreasing function of the frequency Ω, as the frequency increases to the resonant limit β. In the next section, we shall derive a threshold value for the power of breather solutions for the focusing case β > 0, by using a fixed point argument. The lower bound of this section as well as the fixed point threshold, will be tested numerically.
4 Thresholds for periodic solutions of the saturable DNLS by a fixed point argument-Infinite lattices: focusing case β > 0
We repeat here the fixed point argument of [13] to derive a threshold on the power, for the non-existence of non-trivial breather solutions for (1.1). The approach covers the case of an infinite lattice (n ∈ Z N ). We consider the case where the parameters β > Ω > 0 are given, and we investigate conditions on the non-existence of non-trivial solutions of the form
Note that φ satisfies (1.4) rewritten as
For the convenience of the reader we state [19, Theorem 18 .E, pg. 68] (Theorem of Lax and Milgram), which as for the case of the 2σ-power nonlinearity [13] , will be used to establish existence of solutions for an auxiliary linear system of algebraic equations related to (4.2). 
Then for given f ∈ X, the operator equation Au = f, u ∈ X, has a unique solution By using Taylor's theorem, we rewrite the saturable nonlinearity as
Using (4.4), equation (4.2) can be rewritten as
where
we observe that the (linear and continuous) operator
satisfies condition (4.3) if (4.8) holds, since
Next, setting F 2m (ζ) = |ζ| 2m ζ, we may define from F 2m , a map F 2m : ℓ 2 → ℓ 2 . We have that
Then, writing F * = β m j=1 F 2j , we may also define from F * a nonlinear map F * :
Similarly, from the remainder term T * , we may define a map T * : ℓ 2 → ℓ 2 : we have
Hence the assumptions of Theorem 4.1, are satisfied and the auxiliary linear problem
has a unique solution. Next, for some R > 0, we consider the closed ball of ℓ 2 , B R := {z ∈ ℓ 2 : ||z|| 2 ≤ R}, and we define the map
where φ is the unique solution of the operator equation (4.14) . Clearly the map L is well defined.
The map F * : ℓ 2 → ℓ 2 is locally Lipschitz: We recall that for any F ∈ C(C, C) which takes the form F (z) = g(|ζ| 2 )ζ, with g real and sufficiently smooth, the following relation holds 16) for any ζ, ξ ∈ C,where Φ = θζ + (1 − θ)ξ, θ ∈ (0, 1) and r = |Φ| 2 (see [10, pg. 202] ). Applying (4.16) for the case of F 2m (ζ) = |ζ| 2m ζ, one finds that
Assuming that ζ, ξ ∈ B R , and noting that ||Φ|| 2 ≤ R, we get from (4.17) the inequality
Application of (4.16) to the remainder term, where
implies that
Then working similarly as for the derivation of (4.18), we get that
From inequalities (4.18) and (4.20), we set
Then combining (4.18) and (4.20), we observe that the map K : ℓ 2 → ℓ 2 is locally Lipschitz, satisfying
Taking now the scalar product of (4.15) with χ in ℓ 2 and using (4.22), we have that
From (4.23), we obtain the inequality
Since L(0) = 0, we observe that the map L satisfies the assumptions of the Banach Fixed Point Theorem and has a unique fixed point -the trivial one -if
We consider the polynomial function
A threshold value for the existence of nontrivial breather solutions can be derived from condition (4.25): the polynomial equation Π(R) = 0, has exactly two real roots R * < 0 < R * , such that R * = −R * . Thus
that is, condition (4.25) is satisfied if R ∈ (0, R * ). We summarize our results in the following Cubic-Quintic approximation The saturable nonlinearity can be approximated by a cubic-quintic approximation (m = 2 in Taylor's formula (4.4)). We consider first the approximation without taking into account the remainder term (the term L 2 (R) does not appear in the polynomial equation). Standing wave solutions (4.1) satisfy the infinite system of algebraic equations
In this case, the threshold value is P β,Ω = R 2 * , where R * is the root of the quadratic equation
Setting, for exampl,e β = 2, Ω = 0.5, we obtain the threshold value P 2,0.5 ≈ 0.189898.
Exact saturable nonlinearity For the exact saturable nonlinearity we should take into account the remainder term: we look for the root R * , of the equation Π(R) = 3R 2 + 5R 4 + 7R 6 + 2R 8 − δ β = 0. For β = 1, Ω = 0.5, we obtain P 2,0.5 ≈ 0.180917.
Note that the threshold value appears to be the same for parameters β > Ω > 0, giving the same ratio
Finite dimensional lattice We may also derive a threshold value, taking into account the finite dimensionality of the lattice, when the problem is supplemented with Dirichlet boundary conditions. We may replace the constant δ = β − Ω > 0 by the constant
where β > Ω > 0. Therefore, in this case one has to work with the polynomial equation
For the case of the cubic quintic approximation, the threshold value (4.29), (without considering the remainder term), becomes Numerical study. We perform numerical studies to test the lower bound (3.71) derived in Theorem 3.3, and the threshold (4.27) derived in Theorem 4.2. In figures 2 and 3, we show the dependence of the power P Ω = |ψ n | 2 with respect to the frequency Ω. In the figures, the blue line represents the numerically calculated power, while the red line corresponds to the analytical threshold defined as the root of the equation (4.30) for the finite with Dirichlet b.c. lattice. The green line corresponds to the lower bound defined in (3.71). In most of the cases considered in our study, the difference between infinite and finite lattices is difficult to see, so the former has not been represented in the figures. Actually, as an infinite lattice is not possible to be modelled numerically, the numerical results for the power correspond to finite lattices with Dirichlet b.c. Note that, due to the resonance with linear modes, the frequency of the breathers are limited by the condition Ω < β. Besides, the continuation of the solutions is quite difficult when this limit is reached. Figure 2 refers to the parameters β = 1 and ǫ = 1. The figure verifies that we should not expect existence of breather solutions below the threshold value (4.30). As Ω increases to the limit β, power decreases, approaching the theoretical lower bounds. We also note that the lower bound (3.71) predicts the decrease of the power as frequency increases, approaching the threshold (4.30). Figure 3 considers the case β = 10, ǫ = 1 in 1D and 2D-lattices. We observe the increased accuracy of the qualitative and quantitative predictions of the variational lower bound (3.71), in the 1D-case. In the 2D-case an excitation threshold appears: we observe the existence of the minimum of the power (excitation threshold), and as frequency increases, the increase of power reaching a "threshold" value. This behaviour is in accordance with that described in the recent work [17] . In the focusing saturable DNLS, this behaviour seems to appear in in the 2D-lattice for larger values of the parameter β, while in the defocusing case this behaviour seems to appear when only the dimension of the lattice is increased. Both the variational lower bound (3.71) and the fixed point (4.30), serve as sharp estimates of the excitation threshold and of the "threshold" value of the power reached after the minimum.
DNLS equation with power nonlinearity
Thresholds for the focusing DNLS β > 0: Periodic solutions ψ n (t) = e −iΩt φ n , Ω > 0. In this section we derive a threshold on the power for the existence of non-trivial breather solutions for the DNLS equation with power nonlinearity (1.1), and in the defocusing case β > 0. We seek breather solutions
for the DNLS equation 
We consider the Hamiltonian for the defocusing DNLS (5.2) 4) and the energy functional
We also recall that the derivative of the functional
is given by (see also [13 
Existence of a nontrivial breather solution (5.1), will be derived by considering constrained minimization problems similar to those in Section 3 (see also [18] ). We have the following 
B. Consider the variational problem on
Proof: A. Relation (5.6) implies that the functional
It is bounded from below, since from (2.18)
The same variational arguments of Section 3 imply the existence of a minimizer φ * ∈ ℓ 2 (Z N K ) of H σ , and the Lagrange multiplier Ω(R) > 0, such that
Then setting ψ = φ * in (5.11), and by using (2.19), we obtain that 12) which shows that Ω(R) > ǫλ 1 > 0. B. The functional E Ω is bounded from below: the equivalence of norms (2.17), implies the existence of a N -dependent constant C 2 , such that
Then using (5.13), we find that
Again the existence of the minimizerφ and of the Lagrange multiplier λ(M ) ∈ R can be obtained by the same arguments as in Section 3. Moreover by using (5.6), we have that
Setting ψ =φ in (5.17), we obtain
We observe that
) is satisfied. Note that due to the estimate (2.20), the condition (5.9) implies actually that
Then assuming (5.9), we find that λ(M ) < 0. We set λ = −β, β > 0. Finally, we assume that the power of the nontrivial minimizerφ is |n|≤K |φ n | 2 = R 2 . Then, returning to (5.18), and by using (2.7) which holds also in the finite dimensional lattice, we get
Under condition (5.9), inequality (5.21) implies the lower bound on the power of the breather solution (5.10). ⋄ A threshold for the power could be also derived from the case A., of Theorem 5.1: working exactly as for the derivation of that in (5.21), we find from (5.12), that
Thus, in the case of Theorem 5.1 A, and under the hypothesis that the Lagrange multiplier Ω(R) of the case A is taking values Ω > 4ǫN , we obtain from (5.22) that
We note that
Numerical study for the focusing DNLS with power nonlinearity. Similarly to the results of Section 3, for the saturable DNLS, it seems interesting to test the behaviour of the lower bounds (5.10) and (5.23), as thresholds for the existence of breather solutions for the defocusing DNLS (5.2). Theorem 5.1 A implies for a given β > 0 the existence of a frequency Ω > ǫλ 1 (as a Lagrange multiplier), and of a nontrivial minimizer φ * of the Hamiltonian (5.4), such that the corresponding breather solution ψ n (t) = e −iΩt φ * n has a power satisfying the lower bound (5.23), in the case where Ω is assumed to be such that Ω > 4ǫN . On the other hand, Theorem 5.1 B implies, for given Ω > 4ǫN , the existence of β > 0 and of a nontrivial minimizerφ of the energy functional (5.5), such that the corresponding breather solution ψ n (t) = e −iΩtφ n , has a power satisfying the lower bound (5.10).
We study first the case of large values of σ: in Figure 4 , the study refers to the cases σ = 1, N = 2 and σ = 2, N = 1 respectively. We observe first that the numerical power of the solutions fulfils (5.10). Moreover we N . In this case it seems that (a) no excitation threshold exists and breather solutions of "arbitrary small power" exist and (b) the lower bound (5.10) is a satisfactory estimate of the "arbitrary small power" of the breather solution. However, Figure 7 , indicates that as σ increases to the critical exponent 2 N , the lower bound (5.23), predicts the behaviour of the power also with increased accuracy. This seems to be verified, especially from a comparison of Figures 7 and 4 (a) .
The defocusing DNLS with power nonlinearity (β < 0): Periodic solutions φ n (t) = e iωt φ n , ω > 0. We conclude with a numerical study of the defocusing DNLS with power nonlinearity. As in Section 3, we use for convenience, the notation β = −Λ, Λ > 0.
Instead of the threshold estimate [13, (2.38), pg. 126] for breather solutions ψ n (t) = e iωt φ n , ω > 0, (5.25) we may derive a possibly improved one: by using (4.17) (which holds also for an infinite lattice) instead of [13, (2.44),pg. 127], we obtain that Numerical study We conclude with numerical studies checking the threshold for the 2σ-power nonlinearity and for the defocusing case β = −Λ < 0. A first result is that the power of the solutions fulfils (5.27), that is, it is higher than P ω := ω Λ(2σ + 1) We mention first, that regarding the numerical study of the threshold (5.31), as in the case of the saturable nonlinearity, we have not observed remarkable improvement or difference in comparison with (5.27). Although the threshold (5.27) is independent of the dimension, it is interesting to compare this with the results of [18] , related to the conditions on existence of excitation threshold which depends on the dimension and the nonlinearity exponent σ.
We recall from [18] that if the dimension of the lattice N and the nonlinearity exponent σ are such that an excitation threshold on the power should appear. In Figure 8 , we present the numerical power (blue curve) for the cases σ = 1 and σ = 10, and N = 1. The values σ = 1 and N = 1 satisfy (5.32), however the arbitrary small power fulfils the threshold (5.27) for existence. The case σ = 10 and N = 1 satisfies (5.33), and as predicted in [18] and [9] , the power approaches a minimum (the excitation threshold). The numerical power still fulfils the threshold (5.27) and moreover the latter seems to serve as a reasonably satisfactory estimate of the excitation threshold. The dependence of this excitation threshold with respect to σ has been numerically calculated in [20] . In figure 9 we present the results for the cases σ = 0.1, N = 1 and σ = 1, N = 2. The first case satisfies (5.32) and the second satisfies (5.33), in its critical value σ = 2 N . The threshold (5.27) is fulfilled in both cases. We observe that in the case σ = 0.1, N = 1, the threshold (5.27) is quite a sharp estimate of the "arbitrary" small power observed for small values of frequency. In the second cases we observe the appearance of the excitation threshold. Comparison of the results of figures 8 and 9, indicates that (5.27) seems to give better quantitative predictions, in the case of (5.32) for small values of σ, and in the case of (5.33) for larger values of σ.
In figure 10 we present the results for the cases σ = 0.1, N = 2 and σ = 10, N = 2. The first case is an example for (5.32) and the second for (5.33). The threshold (5.27) is again fulfilled in both cases. We observe that in the case σ = 0.1, N = 1, the threshold (5.27) serves still as quite a sharp estimate of the "arbitrary" small power observed for small values of frequency, as the dimension increaes. Comparison of the results of figures 8 and 10, demonstrates that (5.27) still serves as a satisfactory estimate of the excitation threshold in the case of (5.33) for larger values of σ, with improved accuracy in the 1D-lattice.
It is worth noticing the existence of a maximum in the power for σ = 1, N = 2, as it was predicted in [21] . 
